We describe a new spectral multidomain method for the solution of the compressible Navier-Stokes equations. Within each subdomain, the method collocates the solution unknowns and the gradients at the nodes of the Gauss-Chebyshev quadrature. The total fluxes are evaluated at the nodes of the GaussLobatto quadrature. Both conforming and non-conforming subdomain grids are allowed. Two examples are included to show the behavior of the method. First, exponential convergence is shown for the Couette flow on an unstructured grid quadrilateral grid. Next, subsonic flow over a backward facing step is solved on a non-conforming grid and a comparison to experiments is made.
Introduction
In this paper, we present a new spectral multidomain method for the solution of the compressible NavierStokes equations in two space dimensions. With this method, unlike traditional spectral methods, 2 the flow region is subdivided into an unstructured grid of quadrilateral elements, which can be generated by finite element meshing programs. Within each element, a variable order staggered-grid Chebyshev spectral collocation method is used to approximate the solution and fluxes. The result is a method with the flexibility of a finite volume scheme and the accuracy of a spectral method.
The key feature of the approach is the use of a staggered Chebyshev grid within a quadrilateral element. It is an extension of the staggered-grid method for the Euler gas-dynamics equations introduced in two papers, Ref. 5 and Ref. 4 . In those papers, the solution unknowns were evaluated at the Chebyshev-Gauss quadrature nodes, which are interior to the elements. The fluxes were evaluated at the more common Gauss-Lobatto points, which include the edges. Thus, the solution and fluxes were staggered within an element in a manner analogous to the staggering of solution and fluxes in a cell-centered finite volume method. To further simplify the application of physical boundary conditions and inter-element connectivity in two space dimensions, the solutions and fluxes were fully staggered so that no quantity was approximated at domain corners.
An advantage of the method over fixed-order finite volume methods is that accuracy of the staggered-grid Chebyshev method can be controlled by grid refinement of h-type, p-type, or both. In h-type refinement, typical of the usual fixed order finite volume and finite element methods, the grid is refined by increasing the number of elements. In p-type refinement, the most natural refinement for spectral methods, the order of the polynomials is increased within the elements. For smooth solutions, the error decays exponentially with the polynomial order under p-type refinement. An advantage of p-type refinement is that accuracy can be assessed without regenerating the grid.
We will describe the new method and demonstrate its use on two test problems. In the first test problem, we show exponential convergence of the solution of the Couette flow on an unstructured quadrilateral grid typical of grids that are generated by finite element meshing programs. In the second, we solve a low speed flow over a backward facing step, and compare the results with experiments.
The Staggered-Grid Spectral Approximation
The staggered-grid method solves the Navier-Stokes equations in conservative form, Equations (1)- (4), are scaled with respect to reference quantities L, for length, p 0 and 0 for pressure and density, and 0 for viscosity. Velocities are scaled by The approximation begins with the subdivision of the region under consideration into non-overlapping quadrilateral subdomains, or elements, k (Fig. 1) . Each element is then mapped onto the unit square by an isoparametric transformation (see Ref. On the Lobatto and Gauss grids, we define two Lagrange interpolating polynomials
The`j's form a basis for P N , while the h j 's form a basis for P N?1 ; where we denote the space of all polynomials of degree less than or equal to N by P N .
The same fully staggered grid is used for the Navier-Stokes equations in two space dimensions as was used for the Euler equations. 5 A diagram of the staggered grid on the image of a subdomain is reproduced in Fig. 2 . Points of type "a" represent the Gauss/Gauss points, X 
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"a"Q ru rv J rT The motivation for the staggered grid shown is that polynomial approximations of degree N that are to be differentiated once are represented on a Lobatto grid.
Other quantities are of degree N ?1, and are represented on a Gauss grid. Thus, solution unknowns are collocated at points of type "a", while fluxes are collocated at points of type "b" and "c". The horizontal flux,F , for instance, is differentiated with respect to X in (5), and hence is approximated by a polynomial in P N;M?1 that interpolates values on the Lobatto/Gauss grid. A list of the quantities and where they are collocated is shown in Table 1 .
The solution is collocated at the Gauss/Gauss points, and is denoted byQ 
are computed by matrix multiplication. Equation (10) is then integrated in time by a two-level low-storage Runge-Kutta scheme.
It remains now to describe how to compute the discrete flux values,F i;j+1=2 ;G i+1=2;j , from the solution defined on the Gauss points. The inviscid flux is computed exactly as described in Ref. 5 and Ref. 4 . That is, the interpolant (8) is evaluated at the desired Lobatto/Gauss and Gauss/Lobatto points. At points interior to the element, the fluxes are computed directly. Along element faces, a Roe solver 6 is used to compute the flux using the two solutions from the current and neighboring elements. If the elements are conforming, that is, if the collocation points match up along the face, this flux calculation can be done directly. If the interface is non-conforming, say if a different polynomial order is used in the neighbor, or if the neighbor has been subdivided, then a mortar method is used to transfer information across the interface. 4 The computation of the viscous flux uses a two-step procedure. Since the re-construction of the solution from the Gauss points onto the Gauss/Lobatto and Lobatto/Gauss points gives a discontinuous solution at the element faces, it is necessary to construct first a continuous piecewise polynomial approximation before differentiating. To construct the continuous approximation, we use the average of the solutions on either side of the interface as the interface value. If the interface is non-conforming, a mortar method is used as in Ref. 4 
The gradients of the vertical velocity and the temperature are computed in the same way. We note that evaluating the gradients at the cell centers has two desired effects. First, it makes the evaluation of the divergence consistent with that used in the continuity equation. Second, the evaluation of the viscous fluxes will not require the use of subdomain corner points. The viscous fluxes are formed in the second stage. The gradients are re-constructed at the Lobatto/Gauss and Gauss/Lobatto points by evaluating polynomial interpolants of the form (8). Interior to the elements, the viscous flux is computed directly. At element interfaces, continuity of the normal viscous fluxes is enforced by taking the average of the second and third component of the normal flux and the average of the normal temperature derivative.
Boundary conditions are enforced so that the problem is well-posed. At inflow and outflow boundaries, they are set so that artificial boundary layers are not formed. Note that the procedure uses only the Gauss/Gauss, the Gauss/Lobatto and the Lobatto/Gauss points. Thus element corners are not included in the approximation. This distribution of points simplifies the application of the method, since (for a conforming grid approximation) a subdomain can have at most four neighbors. The code logic is simplified because normal derivatives are always well-defined and Riemann solvers to sort out wave propagation are needed only along element faces. However, because of the high order re-constructions used, the number of operations required is twice that of a standard collocation approximation. We have therefore optimized the matrix routines used to compute the derivatives. Code timings indicate that these matrix operations account for 46% of the total computation time per step. It follows that the staggered grid approximation requires approximately 30% more computer time than one that uses only a Lobatto grid.
Examples
We demonstrate the use of the method on two test problems. In the first, we show exponential convergence for the solution of the Couette flow on an unstructured grid. Next, we solve a Mach 0.15 flow over a backward facing step, and compare the results with experiments.
The Couette Flow
The first example is the Couette flow, which has an exact solution with which to compare. 7 The problem models the viscous flow between a fixed, insulated lower plate, and a moving, fixed temperature upper plate. We show convergence behavior of computations where the upper plate moves at Mach number M = 0.8 and at the two Reynolds numbers of Re = 500 and Re = 50. Convergence behavior for p-refinement on the unstructured grid pictured in Fig. 1 is shown in Fig. 3 . As the order is increased, we see that the error in the density decays exponentially fast.
Flow Over a Backward Facing Step
In the next example, we solve a low-speed flow over a backward facing step in a two-dimensional duct. This problem has often been a test case for both incompressible and compressible flow solvers. We consider here the case of the geometry shown in Fig. 4 , which has a one to two expansion at x = 0. The flow parameters are maximum inlet Mach number of 0.15, and Reynolds number based on the downstream width of Re v = 389.
Experimental data for this case are provided by Armaly et al. 1 Computed contours of the Mach number and the pressure are shown in Fig. 5 . In order to better resolve the region of the step edge, a non-conforming approximation is used. This grid was created by taking a conforming grid, where elements share either a corner point or a full edge, and subdividing near the corners of the step. A better view can be seen in Fig. 5 . In that figure, as in Fig. 4 , we draw both the element boundaries (thick lines) and the Lobatto points within the elements (thin lines) for the case of an eight order polynomial approximation. Also shown are Mach and pressure contours interpolated to the Lobatto points by (8) for the eighth order polynomial approximation. The jumps in the pressure contours seen in Fig. 5 give the opportunity to note that the method is discontinuous at element interfaces, due to the discontinuous nature of the piecewise polynomial interpolants that describe the solution. These jumps go to zero as the solution converges with polynomial order. In fact, the jumps in the pressure in Fig. 5 are approximately five in the seventh digit. The apparent discontinuity in the Mach number across the vertical line of non-conforming elements at the center of the figure, on the other hand, is an artifact of the contouring routine, which linearly interpolates the data in order to compute the contours.
One advantageous feature of the method is that the quality of the solution can be assessed without re-generating the grid through p-refinement. As an example, a comparison of the horizontal velocity at x=h = 2:55, scaled to the maximum inlet value, is shown in Fig. 6 for fifth and eighth order approximations. We see that the computed fifth and eighth order solutions are the same to graphical accuracy. Fig. 7 shows the skin friction along the bottom of the channel for the fifth and eighth order computations. Finally, in we compare the reattachment point, defined as the point at which the skin friction changes sign, to the experimental data and to the incompressible solutions of Ref. 1 for Reynolds numbers of Re v =100 and 389. The reattachment point coincides with the incompressible result to 15% at the lower Reynolds number, and 1.5% at the higher.
Summary
We have described a new spectral multidomain method for the solution of the compressible Navier- Stokes equations. The method collocates the solution unknowns and the gradients at the nodes of the GaussChebyshev quadrature. The total fluxes are evaluated at the nodes of the Gauss-Lobatto quadrature. At subdomain interfaces, the advective fluxes are computed by a Riemann solver to allow for the passage of waves. The viscous fluxes are computed by constructing a continuous piecewise polynomial approximation to the solution from the piecewise discontinuous approximation. Both conforming and non-conforming grids are allowed. In the non-conforming case, a leastsquares approximation to a continuous flux is computed along a mortar that couples two subdomains.
Two examples have been included to show the behavior of the method. Exponential convergence was shown for the Couette flow on an unstructured grid. Comparison to experiments was shown for flow over a backward facing step.
The method was designed with the goal of simplifying the connectivity between subdomains, and to eliminate the need for special coding at corner points of subdomains. As a result, complex quadrilateral grid topologies can be used as easily as simple ones, making the method easy to code and grids relatively easy to generate. In particular, grids of the type generated by commercial finite element meshing programs are suitable for use with the method. The simplification of grid connectivity should have even more of an effect in three-dimensional applications, where a subdomain will have at most six neighbors with which to communicate.
